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Design of reactionless linkages and robots
equipped with balancing Assur groups
Sébastien Briot and Vigen Arakelian
Abstract In the present Chapter, we consider the shaking moment and shking force
balancing through the use of additional Assur groups mounted on the mechanism
to be balanced. Two types of mechanisms are considered: (i) the in-line four-bar
linkage and (ii) the planar parallel robots with prismatic pairs. For both types of
mechanisms, the proposed solution allows the reduction (oreven the cancellation in
the case of the four-bar linkage) of the number of counter-rotations used for obtain-
ing the shaking moment balancing, which decreases the design complexity and the
inherent problems due to the use of counter-rotations (backlash, noise, vibrations,
etc.). All theoretical developments are validated via simulations carried out using
ADAMS software. The simulations show that the obtained mechanisms (both in-
line four-bar linkages and planar parallel robots) transmit no inertia loads to their
surroundings, i.e. the sum of all ground bearing forces and their moments are elim-
inated.
1 Introduction
It is known that fast-moving machinery with rotating and reciprocating masses is a
significant source of vibration excitation. The high-speedlinkages can generate sig-
nificant fluctuating forces with even small amounts of unbalance. Thus, a primary
objective of the balancing is to cancel or reduce the variable dynamic loads transmit-
ted to the frame and surrounding structures. The reduction of vibrations leads to the
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increased accuracy of manipulators [1], which is one of the positive consequences
of the balancing. As was mentioned in [2], balancing brings other advantages such
as a reduced cycle time [3], reduced noise, wear and fatigue [4], as well as improved
ergonomics [5].
In general, two types of forces must be considered: the externally applied forces
and the inertial forces. Inertial forces arise when links ofa mechanism are subjected
to large accelerations. The inertial force system acting ona given link can be repre-
sented as an inertia force acting on a line through the centerof mass and an inertia
torque about the center of mass. The determination of the inertial forces and torques
is well known and it has been disclosed in various hand books [6]. With regard to the
external forces, which are associated with the useful functio that the mechanism is
to perform, these are often smaller than inertia forces witha much lower variation.
On the other hand, when formulating balancing conditions ofa mechanism, it is nec-
essary to recognize that, in many cases, external active forc s applied to mechanism
links constitute internal forces with respect to the mechanism as a whole. Thus, if all
external active forces applied to the links of a mechanism are internal forces for the
mechanism as whole, then the balance of the mechanism will beensured under the
fulfillment of inertia forces and inertia torque cancellation. Therefore, the balancing
of shaking force and shaking moment due to the inertial forces of links acquires
a specific importance. The quality of balancing of the movingmasses has the in-
fluence not only on the level of vibrations but also on the resource, reliability and
accuracy of mechanisms. Besides the mentioned negative effects, vibrations bring
to the environments pollution and the loss of energy, and canalso provoke various
health issues. Consequently, the quality improvement of the mass balancing has not
only technical, technological and economical aspects but also social.
Different approaches and solutions devoted to the shaking force and shaking mo-
ment balancing have been developed and documented for one-degr e-of-freedom
mechanisms [7–9]. Nowadays, a new field for balancing methods applications is the
design of mechanical systems for fast manipulation [10], which is a typical problem
in advanced robotics [11]. Here also we have similar problems relating to the can-
celation or reduction of inertia forces. However, the mechanical systems with multi
degrees of freedom lead to new solutions, such as the shakingforce and shaking
moment reduction by optimal motions of links, by adding flywheels with prescribed
motions, or with the design of new self-balanced manipulators.
For all balancing method, the main challenge is the trade-off between the com-
plexity of the balanced mechanism and the quality of balancing [9]. In the present
Chapter, we propose a solution which allows the reduction ofthe balancing com-
plexity by comparison with the usual approaches. The idea isto slightly modify the
mechanism design by adding to it Assur groups, i.e. groups which dos not add any
supplementary degree of freedom into the mechanism [12]. The use of such a so-
lution is detailed in the following of the Chapter for the shaking force and shaking
moment balancing of:
• the in-line four-bar linkage
• the planar parallel robots with prismatic pairs.
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For both types of mechanisms, the proposed solution allows the reduction (or even
the cancellation in the case of the four-bar linkage) of the number of counter-
rotations used for obtaining the shaking moment balancing,which decreases the
design complexity and the inherent problems due to the use ofcounter-rotations
(backlash, noise, vibrations, etc.).
2 Complete shaking force and shaking moment balancing of
in-line four-bar linkages by adding a class-two RRR or RRP
Assur group
Many high-speed machines contain planar four-bar linkagesand the problem of
their mass balancing is of continuing interest to machine designers. The previous
works on the balancing of planar four-bar linkages may be arranged in the following
groups [6]:
1. Complete shaking force balancing [13–19]. In general, it is carried out by coun-
terweights mounted on the movable links of the linkage. Withregards to the
several approaches employed for the redistribution of movables masses, the de-
veloped methods could be divided into three principal groups:
a. The method of “principal vectors” [13]; The aim of this approach was to study
the balancing of the mechanism relative to each link and in the determination
of those points on the links relative to which a static balance was obtained.
These points were called “principal points”. Then, from thecondition of sim-
ilarity of the vector loop of the principal points and the structural loop of the
mechanism, the necessary conditions of balancing were derived.
b. The method of “static substitution of masses”; its aim wasto statically substi-
tute the mass of the coupler by concentrated masses, which are balanced there-
after together with the rotating links. Such an approach changes the problem
of mechanism balancing into a simpler problem of balancing rotating links.
This method was illustrated for four-bar linkage in [14–17].
c. The method of “linearly independent vectors” [18], in whic the vector equa-
tion describing the position of the center of total mass of the mechanism is
treated in conjunction with the closed equation of its kinematic chain. The re-
sult is an equation of static moments of moving link masses containing single
linearly independent vectors. Thereafter following the conditions for balanc-
ing the mechanism by reducing the coefficients, which are tim-dependent to
zero.
It should be noted that the addition of a counterweighted pantograph device to
the planar four-bar linkage has also been used for its complete shaking force
balancing [19].
2. Complete shaking force and partial shaking moment balancing [20–29].Two
principal approaches may be distinguished:
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a. The shaking moment minimization of fully force balanced linkages [20–26],
in which it is shown that the optimum conditions of partial moent balance
can be obtained by certain link mass distribution ratios.
b. The minimization of the unbalance of shaking moment by transferring the
rotation axis of the counterweight mounted on the input crank [27–29]. In
the study [27], the first harmonic of the shaking moment is eliminated by at-
taching the required input link counterweight, not to the input shaft itself,
but to a suitable offset one which rotates with the same angulr velocity.
This approach is original in that, while maintaining the force balance of the
mechanism, it is possible to create an additional balancingmoment, thereby
reducing the shaking moment. This approach has been furtherdev loped in
works [28,29].
It should be noted that optimization algorithms are also widely used in partial
balancing of four-bar linkages [30–33].
3. Complete shaking force and shaking moment balancing [9, 34–3]. The first
method of complete shaking force and shaking moment balancing was proposed
in study [34], which was extended in [35]. In this approach, the mass of the con-
necting coupler is substituted dynamically by concentrated masses located at the
coupler joints. Thus, the dynamic model of the coupler becomes a weightless link
with two concentrated masses. This transforms the problem of four-bar linkage
shaking force and shaking moment balancing into a problem ofbalancing ro-
tating links carrying concentrated masses. The parallelogram structure has also
been applied for complete shaking force and shaking moment balancing of four-
bar linkages [36]. In the studies [37–41], the authors have proposed methods for
complete shaking force and shaking moment balancing by counterweights with
planetary gear trains. In [42] a toothed-belt transmissionis used to rotate counter-
weights intended for shaking force balancing, which also allows shaking moment
balancing. The disadvantage of these methods is the need forthe connection of
gears to the oscillating links. The oscillations of the links of the mechanism will
create noise unless expensive anti-backlash gears are used.
Another solution using the copying properties of the pantograph was devel-
oped [9, 43], in which the gears driven by the coupler suffer no such sudden
reversals so that this problem is almost eliminated. However, it should be noted
that the use of the gears for the balancing of four-bar linkages is a drawback for
the industrial applications and a fully shaking force and shaking moment bal-
anced four-bar linkage without any gears is more appealing.
The shaking moment balancing of fully force balanced linkages using a pre-
scribed input speed fluctuation was proposed in [44]. However, such balancing
is complicated because it is necessary to use a special type of drive generator.
Moreover, it cannot be used for balancing of linkages, whichgenerate the pre-
scribed motions of the output links.
In this section a solution is discussed, which allows the complete shaking force
and shaking moment balancing of in-line four-bar linkages with constant input speed
by adding a class-two Assur group, i.e. a group which does notadd any supplemen-
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tary degree of freedom into the mechanism [12]. It should be not d that the bal-
ancing of the shaking moment without counter-rotations of three particular classes
of four-bar linkages was discussed in the studies [45–49]. However, such a method
cannot be extended to general four-bar linkages. In this section it is proposed to
take advantages of the use of the properties of the four-bar linkage with prescribed
geometric parameters [45–49] and to combine it with
1. the principle of the dynamic substitution of link mass by con entrated masses
2. and with the prescription of constant input speed.
It should be mentioned here that the suggested balancing approach can be efficiently
applied on the cyclic high-speed machines executing motions n the steady-state
regime when the input speed is constant [50,51].
2.1 Complete shaking force and shaking moment balancing by
adding a class-two RRR Assur group
2.1.1 Theoretical background related to the balanced four-bar linkages with
prescribed geometrical parameters
Before considering the suggested balancing concept, let usr call basic notions con-
cerning the balanced four-bar linkages with prescribed geometrical parameters.
In the paper of Berkof and Lowen [21], the angular momentumH and the shak-
ing momentMsh, expressed at pointO, of a force balanced in-line four-bar linkage
(Fig. 1) were expressed as:
H =
3
∑
i=1
Ii θ̇i , Msh=
dH
dt
=
3
∑
i=1
Ii θ̈i (1)
with
Ii = mi
(
k2i + r
2
i + r i l i
)
, (i = 1,3) (2)
I2 = m2
(
k22+ r
2
2− r2l2
)
(3)
wherer i is the length of vectori which connects the pivotPi to the centre of mass
Si of link i, l i is the length of vectorl i which connects the proximal revolute joint
Pi to the distal joint on the same link, andki is the radius of gyration with respect
to the centre of mass of linki, mi is the mass of linki. Moreover,θi is the angular
position of link i with respect to thex-axis.
With regard to the shaking force balancing, the following expr ssions were ob-
tained:
m1r1 = m2l1
l2− r2
l2
(4)
m3r3 = m2r2
l3
l2
(5)
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Fig. 1 A general in-line four-bar mechanism.
In the works [47, 52], it has been shown that it is possible to cancel the shaking
moment of a four-bar mechanism by associating mentioned geometric constraints
with an optimal distribution of masses. Three kinds of shaking force and shaking
moment balanced four-bar mechanisms were found, which are shown in Fig. 2.
In order to illustrate the shaking moment balancing, let us consider the mech-
anism shown in Fig. 2(b). The geometrical constraints of this mechanism are the
following:
l1 = l3 (6)
d = l2 (7)
whered is the length of the base which is the distance between the twofixed joints
on the base.
This leads to the following kinematic relationships:
θ̇1− θ̇2+ θ̇3 = 0 (8)
Thus, from expressions (1) and (8), it is easy to see that the shaking moment will
be cancelled ifI1 = I2 = I3 (see Eqs. (2) and (3)). For this purpose the following
relationships must be established:
k22 =
m2
(
l2r2− r22
)
− I1
m2
(9)
k23 =
−m3
(
l3r3+ r23
)
+ I1
m3
(10)
where
I1 = m1
(
k21+ r
2
1+ r1l1
)
(11)
It should be noted that similar results have been obtained for the mechanisms
shown in Figs. 2(a) and 2(c).
Design of reactionless linkages and robots equipped with balancing Assur groups 7
θ1
θ2
d
x
θ3
P3
y
P2
P1
l
1
l
2
l
3
P’2r
1
r
3
r
2
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(c) Case III:l3 = d andl1 = l2
Fig. 2 The three kinds of shaking force and shaking moment balanced four-bar mechanisms.
Statement of the problem:the aim of the suggested balancing approach consists of
adding a two-link kinematic chain with prescribed geometrical parameters to an in-
line four-bar linkage with arbitrary geometrical parameters. It is important to note
that the added structure must be an Assur group, i.e. a group which does not add
any supplementary degree of freedom into the mechanism [12]. This allows for the
modification of the mass redistribution of the obtained six-bar mechanism without
perturbation of the kinematic properties of the initial four-bar linkage. We would
like to state that this technique allows for the complete shaking force and shaking
moment balancing without counter-rotating masses.
Now let us consider the shaking force and shaking moment balancing of an in-
line four-bar mechanism using class-two Assur groups withRRRkinematic chain.
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Fig. 3 The balanced mechanism with the class-twoRRRAssur group.
2.1.2 Shaking force balancing
Figure 3 shows an in-line four-bar linkage with the added class-twoRRRAssur
group. Let us denote the following vectors as:l1 = dOA, l2 = dAB, l3 = dCB, l′3 =
dCP2, l4 = dP2P′2, l5 = dP3P′2, r1 = dOS1, r2 = dAS2, r3 = dCS3, r4 = dP2S4, r5 = dP3S5,
rcw1 = dOScw1 , rcw2 = dCScw2 , rcw3 = dP3Scw3 .
The added class-twoRRRAssur group has the above mentioned properties, i.e.
it is designed such as:
l ′3 = l5 (12)
e= l4 (13)
wherel i (i = 1. . .5) is the norm of vectorl i ande the distance betweenC andP3.
As is shown in Fig. 3, the Assur groupP2P′2P3 is attached to the initial linkage
OABC in such a way that it forms a four-bar linkage with linkBC, as discussed in
Section 2.1.1.
Let us now derive the expression of the shaking forcefsh of the obtained mecha-
nism:
fsh=
5
∑
i=1
mi d̈Si (14)
whered̈Si is the translational acceleration of the centre of massSi andmi the mass
of the link i. Developing and simplifying, one obtains:
fsh=
(
m1r1
l1
+m2
l2− r2
l2
)
d̈A+m2
r2
l2
d̈B+m3d̈S3
+m4
l4− r4
l4
d̈P2 +
(
m4r4
l4
+
m5r5
l5
)
d̈P′2
(15)
where r i is the algebraic values of the norm of vectorsr i , and d̈A, d̈B, d̈S3, d̈P2
andd̈P′2 represent the acceleration of pointsA, B, S3, P2 andP
′
2 respectively. Their
expressions are:
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d̈A = l1
(
θ̈1
[
−sinθ1
cosθ1
]
− θ̇ 21
[
cosθ1
sinθ1
])
(16)
d̈B = l3
(
θ̈3
[
−sinθ3
cosθ3
]
− θ̇ 23
[
cosθ3
sinθ3
])
(17)
d̈S3 = r3
(
θ̈3
[
−sin(θ3+β )
cos(θ3+β )
]
− θ̇ 23
[
cos(θ3+β )
sin(θ3+β )
])
(18)
d̈P2 = l
′
3
(
θ̈3
[
−sin(θ3+α)
cos(θ3+α)
]
− θ̇ 23
[
cos(θ3+α)
sin(θ3+α)
])
(19)
d̈P′2 = l5
(
θ̈5
[
−sinθ5
cosθ5
]
− θ̇ 25
[
cosθ5
sinθ5
])
(20)
in which the anglesθi (i = 1. . .5) are defined in Fig. 3.
The shaking forcefsh may be cancelled through the addition of three counter-
weights positioned at pointsScwi (Fig. 3), with massesmcwi (i = 1,2,3). With such
counterweights, the expression of the shaking force becomes:
fsh
∗
= fsh+mcw1
rcw1
l1
d̈A+mcw2d̈Scw2 +mcw3
rcw3
l5
d̈P′2 (21)
wherercwi is the algebraic values of the norm of vectorsrcwi and
d̈Scw2 = rcw2
(
θ̈3
[
−sin(θ3+ γ)
cos(θ3+ γ)
]
− θ̇ 23
[
cos(θ3+ γ)
sin(θ3+ γ)
])
(22)
Thus the shaking force is cancelled if the distribution of the masses is as follows:
mcw1 =−
l1
rcw1
(
m1
r1
l1
+m2
l2− r2
l2
)
(23)
tanγ =
m3r3sinβ +m4 (1− r4/l4) l ′3sinα
m2l3r2/l2+m3r3cosβ +m4 (1− r4/l4) l ′3sinα
(24)
m2cw2 =
(m3r3sinβ +m4 (1− r4/l4) l ′3sinα)
2
r2cw2
+
(m2l3r2/l2+m3r3cosβ +m4 (1− r4/l4) l ′3cosα)
2
r2cw2
(25)
mcw3 =−
l5
rcw3
(
m4
r4
l4
+m5
r5
l5
)
(26)
2.1.3 Shaking moment balancing
Let us now derive the expression of the shaking momentMsh, expressed at pointO,
of such a mechanism:
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Msh=
5
∑
i=1
mi
(
xSi ÿSi −ySi ẍSi +k
2
i θ̈i
)
+
3
∑
i=1
mcwi
(
xScwi ÿScwi −yScwi ẍScwi
)
(27)
wherexSi , ySi , ẍSi and ÿSi are the position and accelerations alongx andy axes of
pointsSi , respectively, andxScwi , yScwi , ẍScwi andÿScwi are the position and accelera-
tions alongx andy axes of pointsScwi , respectively,ki is the radius of gyration of
link i.
Now, let us consider that link 2 is a physical pendulum1 [35], i.e. it can be re-
placed dynamically by two point masses located at joint centresA andB. This im-
plies that:
k22 = r2 (l2− r2) (28)
Then, considering that the input speed is constant, i.e.θ̈1 = 0 and taking into
account (28), one can simplify (27) as:
Msh=
5
∑
i=3
Ii θ̈i (29)
where
I3 = m3
(
k23+ r
2
3
)
+m2
r2
l2
l23 +mcw2r
2
cw2 +m4
l4− r4
l4
l ′23 (30)
I4 = m4
(
k24+ r
2
4− r4l4
)
(31)
I5 = m5
(
k25+ r
2
5− rcw3r5
)
+m4
r4
l4
l5
(
l5− rcw3
)
(32)
Thus, this new six-bar mechanism has the same shaking momentas the four-bar
mechanism composed of linksP1P2, P2P′2 andP
′
2P3. Therefore, the initial four-bar
linkage balancing problem is transformed in the balancing of the four-bar linkage
formed by the added Assur group. Note that the latter has specific geometry and its
balancing conditions have been examined in Section 2.1.1.
Applying these results to the considered mechanism, we obtain:
k24 =
−I3− r24+ r4l4
m4
(33)
k25 =
m5
(
−r25+ rcw3r5
)
+m4r4/l4l5
(
l5− rcw3
)
+ I3
m5
(34)
The substitution of (33)–(34) into (29) leads to:
Msh= I3
(
θ̈3− θ̈4+ θ̈5
)
(35)
Taking into account relations (6) and (6), we have
1 A “physical pendulum” is a link which has such a distribution of masses that it allows the dynamic
substitution of link’s mass and inertia by two concentrated masses.
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θ̈3− θ̈4+ θ̈5 = 0 (36)
and consequently
Msh= 0 (37)
The proposed balancing technique has been illustrated using the four-bar linkage
shown in Fig. 2(b). However, it can also be achieved via the mechanism of Fig. 2(a)
or Fig. 2(c).
2.2 Complete shaking force and shaking moment balancing by
adding a class-two RRP Assur group
2.2.1 Shaking force balancing
The second solution, which is proposed for the cancellationof the shaking moment
of a four-bar linkage is carried out by adding a class-twoRRPAssur group (Fig. 4).
Let us denote the following vectors as:l1 = dOA, l2 = dAB, l3 = dCB, l′3 = dCD,
l4 = dDE, r1 = dOS1, r2 = dAS2, r3 = dCS3, r4 = dDS4, r5 = dES5, rcw1 = dOScw1 ,
rcw2 = dCScw2 , rcw3 = dDScw3 .
In this case, the lengths of added links are the following:
l ′3 = l4 (38)
Thus, the new part created by added links is a Scott-Russell mechanism [53],
which is attached to the initial linkage at an angle ofα.
The relations between the link accelerations are the following for the Scott-
Russell mechanism:
θ̇3 =−θ̇4 (39)
S5
D
E
S4
θ4
α
O
A
C
B
Scw1
γ
β
θ1
θ2
x
θ3
y
S1
S3
S2
Scw2
Scw3
Fig. 4 The balanced mechanism with the class-twoRRPAssur group.
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Let us now derive the expression of the shaking forcefsh of such a mechanism:
fsh=
5
∑
i=1
mi d̈Si (40)
Developing and simplifying, one obtains:
fsh=
(
m1r1
l1
+m2
l2− r2
l2
)
d̈A+m2
r2
l2
d̈B+m3d̈S3
+(m4+m5) d̈D +
(
m4
r4
l4
+m5
)
d̈
(41)
wherer i andl i are the algebraic values of the norm of vectorsr i , andl i , respectively,
d̈S3 = r3
(
θ̈3
[
−sin(θ3+β )
cos(θ3+β )
]
− θ̇ 23
[
cos(θ3+β )
sin(θ3+β )
])
(42)
d̈ = l5
(
θ̈4
[
−sinθ4
cosθ4
]
− θ̇ 24
[
cosθ4
sinθ4
])
(43)
d̈D = l ′3
(
θ̈3
[
−sin(θ3+α)
cos(θ3+α)
]
− θ̇ 23
[
cos(θ3+α)
sin(θ3+α)
])
(44)
in which the anglesθi (i = 1. . .4) are defined in Fig. 4.
The shaking forcefsh may be cancelled through the addition of three counter-
weights positioned at pointsScwi (Fig. 4), with massesmcwi (i = 1,2,3). With such
counterweights, the expression of the shaking force becomes:
fsh
∗
= fsh+mcw1
rcw1
l1
d̈A+mcw2d̈Scw2 +mcw3d̈D +mcw3
rcw3
l4
d̈ (45)
wherercwi is the algebraic values of the norm of vectorsrcwi and
d̈Scw2 = rcw2
(
θ̈3
[
−sin(θ3+ γ)
cos(θ3+ γ)
]
− θ̇ 23
[
cos(θ3+ γ)
sin(θ3+ γ)
])
(46)
Thus the shaking force is cancelled if the distribution of the masses is as follows:
mcw1 =−
l1
rcw1
(
m1
r1
l1
+m2
l2− r2
l2
)
(47)
tanγ =
m3r3sinβ +(m4+m5) l ′3sinα
m2l3r2/l2+m3r3cosβ +(m4+m5) l ′3sinα
(48)
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m2cw2 =
(m3r3sinβ +(m4+m5) l ′3sinα)
2
r2cw2
+
(m2l3r2/l2+m3r3cosβ +(m4+m5) l ′3cosα)
2
r2cw2
(49)
mcw3 =−
l4
rcw3
(
m4
r4
l4
+m5
)
(50)
2.2.2 Shaking moment balancing
Let us now derive the expression of the shaking momentMsh, expressed at pointO,
of such a mechanism:
Msh=
5
∑
i=1
mi
(
xSi ÿSi −ySi ẍSi +k
2
i θ̈i
)
+
3
∑
i=1
mcwi
(
xScwi ÿScwi −yScwi ẍScwi
)
(51)
wherexSi , ySi , ẍSi and ÿSi are the position and accelerations alongx andy axes of
pointsSi , respectively, andxScwi , yScwi , ẍScwi andÿScwi are the position and accelera-
tions alongx andy axes of pointsScwi , respectively,ki is the radius of gyration of
link i.
Now, let us consider as in the previous case, that link 2 is a physical pendulum
and that the input speed is constant.
Taking into account (28), one can simplify (51) as:
Msh= I3θ̈3+ I4θ̈4 (52)
where
I3 = m3
(
k23+ r
2
3
)
+m2
r2
l2
l23 +mcw2r
2
cw2 +
(
m4+m5+mcw3
)
l ′23 (53)
I4 = m4
(
k24+ r
2
4
)
+m5l
2
4 +mcw3r
2
cw3 (54)
Introducing (39) into (52), we find:
Msh= (I3− I4) θ̈3 (55)
Thus, the mechanism will be moment balanced if:
I3 = I4 (56)
which can be obtained using a design of link 4 for which the radius of gyration
should be equal to
k4 =
√
I3−m4r24−m5l
2
4 −mcw3r
2
cw3
m4
(57)
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It should be mentioned that, in order to avoid the singular configurations of the
added structure, the value of angleα should be chosen carefully during the design
process.
Let us consider two illustrative examples of the proposed balancing technique.
2.3 Illustrative examples and numerical simulations
2.3.1 Balancing by adding a class-twoRRR Assur group
Let us carry out the complete shaking force and shaking moment balancing of a
four-bar linkage with parameters
• l1 = 0.2 m, l2 = 0.27 m,l3 = 0.25 m,β = 0 deg,
• r1 = 0.1 m, r2 = 0.135 m,r3 = 0.125 m,
• k1 = 0.056 m,k2 = 0.135 m,k3 = 0.086 m,
• m1 = 1 kg, m2 = 1 kg, m3 = 1 kg.
The simulations of the proposed mechanism have been carriedout using ADAMS
software and the obtained results are shown in Fig. 5 (full line).
Now we add theRRRAssur group with prescribed distribution of the centre of
mass and inertia. Its geometric and mass properties are:
• l4 = 0.8 m, l5 = 0.25 m,
• r4 = 0.4 m, r5 = 0.125 m,
• m4 = 1.5 kg, m5 = 1 kg.
and the location and mass of the added counterweights are:
• rcw1 =−0.1 m, rcw2 = 0.25 m,rcw3 =−0.125 m,
• mcw1 = 2 kg, mcw3 = 2.5 kg.
The radii of gyration of elements 4 and 5 and the mass of the counterweightmcw2
are not given as they depend on the value of angleα which is not yet fixed (Fig. 3).
Their variations as a function ofα are shown in Fig. 6. In these figures, the values
of α are bounded between 60 and 180 deg. in order to avoid theRRRAssur group to
cross a singularity during the motion. In Fig. 5 (dotted line), it is shown that after the
addition of the Assur group, the shaking force and shaking moment are cancelled.
As angleα is a free parameter that has only influence on the valuesk4, k5 and
mcw2, it can be chosen so that it minimizes one supplementary criterion. In the re-
mainder of the paper, this criterion is chosen to be the linkage input torque [50,51].
It should however be mentioned that angleα could be used to minimize another
criterion such as the power consumption, the energy, etc.
It should also be noted that the input torqueτ, i.e. the torque requested by the
actuator to move the mechanism, is computed in the two illustrative examples by
using the Lagrange equations [51]:
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τ =
d
dt
(
∂L
∂ θ̇1
)
−
∂L
∂θ1
(58)
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whereL = T −V is the Lagrangian of the system,V is the potential energy (equal
to 0 in absence of gravity) andT is the kinetic energy:
T =
1
2 ∑i
mi
(
ẋ2Si + ẏ
2
Si
)
+
1
2 ∑j
I j θ̇ 2j (59)
ẋSi andẏSi being the velocities alongx andy axes of any centre of mass (for links
and as well as for counterweights).
In Fig. 7, the maximum of the input torque absolute value of asa function of angle
α is shown. Thus, it is possible to see that if the value ofα is chosen arbitrarily, the
input torques can grow up to 2140 N.m (forα = 0 deg.). It also appears that the
input torque will be minimal ifα = 164 deg. In this case, the value of the input
torque is 1010 N.m, i.e. about 2 times less than in the first case.
2.3.2 Balancing by adding a class-twoRRP Assur group
We now propose obtaining the complete shaking force and shaking moment balanc-
ing of the same mechanism by adding a class-twoRRPAssur group. Its geometric
and mass properties are
• l4 = 0.25 m,l5 = 0.25 m,α =−90 deg,
• r4 = 0.125 m,
• m4 = 0.35 kg,m5 = 0.1 kg.
and the location and mass of the added counterweights are:
• rcw1 =−0.1 m, rcw2 = 0.25 m,rcw3 =−0.125 m,
• mcw1 = 2 kg,mcw3 = 0.55 kg.
The radii of gyration of element 4 and the mass of the counterweight mcw2 are
not expressed in these tables as they depend on the value of angle α (Fig. 4). Their
variations as a function ofα are shown in Fig. 8. In these figures, the values of
are bounded between 25 and 100 deg. or 205 and 280 deg. in ordert avoid the
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Fig. 8 Variation of the values of parametersk4 andmcw2 as a function of angleα.
RRPAssur group to cross a singularity during the motion. The simulations of the
proposed mechanism have been carried out using ADAMS software and the results
are similar to the previous case shown in Fig. 5.
As was mentioned above, the angleα is a not fixed design parameter and it can be
found from minimization of the input torque of the mechanism. In Fig. 9, maximum
of the input torque absolute value as a function of angleα is shown. It is possible
to see that if the value ofα is chosen arbitrarily, the input torques can grow up to
2300 N.m (forα = 25 deg.). It also appears that the input torque will be minimal f
α = 205 deg. In this case, the value of the input torque is 1380 N.m, i.e. about 1.7
times less than in the first case.
Let us now consider the balancing of parallel robots by the addition of one or
several class-twoRRRAssur groups.
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3 Balancing of parallel robots by the addition of one or several
class-two RRR Assur groups
For robots, shaking force balancing is mostly obtained via an optimal redistribution
of movable masses [7–9, 54–60] or adjustment of kinematic parameters [61]. The
cancellation of the shaking moment is a more complicated task and can be obtained
using three main different methods:
1. Shaking moment balancing using counter-rotations [62,63],
2. Shaking moment balancing by adding four-bar linkages [45–47,64,65] and
3. Shaking moment balancing by optimal trajectory planning[63,66–69].
Previous works have been devoted to the study of parallel manipulators with
revolute joints and few studies has been carried out on complete shaking force and
shaking moment balancing of parallel manipulators with prismatic pairs.
In this section, we propose solutions for complete shaking force and shaking
moment balancing of planar parallel manipulators with prismatic pairs. We illustrate
these solutions via the 3-RPRparallel manipulator. All obtained results are validated
using ADAMS software simulations
3.1 Complete shaking moment and shaking force balancing by
adding an idler loop between the base and the platform
Inertia force balancing by adding anidler loopmade of a singleRRRAssur group is
known to be used for 1 degree of freedom (dof) mechanisms [19, 36, 70–72]. With
regard to planar manipulators, such an approach has only been us d in the balancing
of gravitational and inertia forces [59,60,73,74].
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Fig. 10 Schematic of the 3-RPRrobot under study.
In this sub-section, the complete shaking force and shakingmoment balancing
of planar manipulators by adding an idler loop made of a single RRRAssur group
is discussed. The added balancing loop is mounted between thbase and the plat-
form of the mechanism. We illustrate the suggested balancing technique on a 3-RPR
mechanism (Fig. 10). Please note that we do not mention the type of actuation of
the mechanism as it has no influence on the balancing.
3.1.1 Theoretical background
Firstly, let us analyze the cancellation of the dynamic reactions of the 3-RPRplanar
parallel mechanism (Fig. 10(a)). Such a mechanism has 3dof (two translations in
the(Oxy) plane and one rotation of the moving platform around an axis perpendic-
ular to (Oxy)) and is composed of three identical legs, each being composed f a
revolute joint attached to the base at pointAi (in the following,i = 1· · ·3), one mov-
ing prismatic guide, located at pointBi , and another revolute joint attached to the
platform atCi . The base and platform triangles, denotedA1A2A3 andC1C2C3, are
equilateral. On this manipulator, typically, the actuatedjoints are the first revolute
joint atAi or the linear guide atBi .
Considering that thex axis is directed along the lineA1A2, they axis being per-
pendicular to thex axis and the origin of the base frame located at pointO, he
centre of the circumcircle of triangleA1A2A3, one can define the coordinatex, y and
φ of the platform, as being respectively the coordinates of point P along thex andy
axes and the angle between the lineC1C2 andA1A2.
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Let us denote asSi j the centre of mass of linki j ( j = 1,2), which has a massmj
and an axial moment of inertiaISj . The centre of mass of the platform is located at
pointP. The mass of the platform ismp and its axial moment of inertiaIp.
In order to cancel the shaking forces and shaking moment of the manipulator,
an idler loop is added between the base and the platform (Fig.10(b)). The centre
of mass of elements 5 and 6 of the idler loop are located atS5 ndS6, respectively.
Their masses are denoted asm5 andm6 and their axial moments of inertia asIS5 and
IS6, respectively. The positions of thecomsare defined such that
−−→
AiS1i = r1lBiCi ui ,−−→
CiS2i = (r21)lBiCi ui ,
−−→
ES5 = r5
−→
EF, and
−−→
FS6i = r6
−→
FP, r1, r2, r5, andr6 being dimen-
sionless coefficients, andui a unit vector directed along
−−→
BiCi .
The expression of the shaking forcefsh transmitted by the robot to the ground is:
fsh=
(
3
∑
i=1
2
∑
j=1
mj r̈Si j
)
+mpr̈P+m5r̈S5 +m6r̈S6 (60)
where r̈Si j , r̈P, r̈S5 and r̈S6 are the accelerations of thecoms Si j , of P, S5 andS6,
respectively.
Developping (60), it can be demonstrated that the shaking force fsh can be ex-
pressed as:
fsh=(m1r1−m2 (1− r2))
3
∑
i=1
ai +(3m2+mp+m6r6)a6
+(3m2+mp+m5r5+m6) r̈F
(61)
with
ai = lBiCi
(
θ̈i
[
−sinθi
cosθi
]
− θ̇ 2i
[
cosθi
sinθi
])
(62)
a6 = lFP
(
θ̈6
[
−sinθ6
cosθ6
]
− θ̇ 26
[
cosθ6
sinθ6
])
(63)
At this step, only five counterweights are needed in the cancellation of the shak-
ing force, but it could be demonstrated after more derivations that three others
are necessary for the cancellation of the shaking moment. Therefore, we propose
directly adding three supplementary counterweights (Fig.11). The positions of
the eight added counterweights are
−−−→
AiM1i = rcw1lBiCi ui ,
−−−→
BiM2i = (rcw2 − 1)lBiCi ui ,−−→
EM5 = rcw5
−→
EF, and
−−→
FM6 = rcw6
−→
FP, rcw1, rcw2, rcw5, andrcw6 being dimensionless
coefficients. Their masses are respectively denotedmcw1, mcw2, mcw5 andmcw6. With
the addition of the counterweights, the shaking force becomes:
fsh
∗
=fsh+(mcw1rcw1 −mcw2 (1− rcw2))
3
∑
i=1
ai +mcw6rcw6a6
+
(
mcw5rcw5 +mcw6
)
r̈F
(64)
Thus, the shaking force is cancelled if:
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Fig. 11 Schematics of the 3-RPR mechanism with the added RRR chain used for the cancellation
of the shaking force and shaking moment.
mcw1 =−
m1r1
rcw1
mcw2 =−
m2(1− r2)
1− rcw2
mcw6 =−
3(m2+mcw2)+mp+m6r6
rcw6
mcw5 =−
3(m2+mcw2)+mp+m5r5+m6+mcw6
rcw5
(65)
The expression of the shaking momentMshO of the modified structure (expressed
at pointO) can be written as:
MshO =
d
dt
HO (66)
whereHO is the angular momentum of the leg (expressed at pointO). Thus, in order
to cancel the shaking moment, the angular momentum is held constant over time.
The expression of the angular momentumHO is equal to:
HO =
3
∑
i=1
2
∑
j=1
(
mj
(
xSi j ẏSi j −ySi j ẋSi j
)
+mcwj
(
xMi j ẏMi j −yMi j ẋMi j
)
+ ISj θ̇i
)
+ Ipφ̇ +
6
∑
j=5
(
mj
(
xSj ẏSj −ySj ẋSj
)
+mcwj
(
xM j ẏM j −yM j ẋM j
)
+ ISj θ̇ j
)
(67)
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wherexQ, yQ, ẋQ andẏQ are the position and velocities of any pointQ alongx and
y axes, respectively (Q being either pointSi j , Mi j , ( j = 1,2), Sj or M j ( j = 5,6)).
Developing and introducing (65) into (67) yields
HO =
3
∑
i=1
(
IS1 + IS2 +
(
m1r
2
1+mcw1r
2
cw1 +m2 (1− r2)
2+mcw2 (1− rcw2)
2
)
l2BiCi
)
θ̇i
+
(
IS6 +
(
m6r
2
6+mcw6r
2
cw6 +mp+3(m2+mcw2)
)
l2FP
)
θ̇6
+
(
IS5 +
(
m5r
2
5+mcw5r
2
cw5 +m6+mcw6 +mp+3(m2+mcw2)
)
l2EF
)
θ̇5
+
(
Ip+3(m2+mcw2) l
2
CiP
)
φ̇
(68)
After such modifications of theRRRchain, the angular momentum of the legs
of the mechanism and of theRRRchain can be balanced using six counter-rotations
(Fig. 11), which have an axial moment of inertia equal to:
Icr1 = IS1 + IS2 +
(
m1r
2
1+mcw1r
2
cw1 +m2 (1− r2)
2+mcw2 (1− rcw2)
2
)
l2BiCi
Icr2 = Ip+3(m2+mcw2) l
2
CiP
Icr3 = IS6 +
(
m6r
2
6+mcw6r
2
cw6 +mp+3(m2+mcw2)
)
l2FP+2Icr2
Icr4 = IS5 +
(
m5r
2
5+mcw5r
2
cw5 +m6+mcw6 +mp+3(m2+mcw2)
)
l2EF +2Icr3
(69)
3.1.2 Illustrative examples and numerical simulations
Let us illustrate the suggested balancing approach using numerical simulations car-
ried out with ADAMS software. For this purpose, non balancedan balanced 3-RPR
parallel manipulators will be compared.
The chosen trajectory for simulations is a straight line of the controlled point of
the platform, achieved int f = 0.25 s, betweenP0 = [x0 y0]
T = [0.05m 0 m]T and
Pf =
[
xf yf
]T
= [0.2 m 0 m]T with a rotation of the platform fromφ0 = 0 deg. to
φ f = 30 deg. For the displacement of the mechanism, fifth order polynomial laws
are used and therefore the trajectory is defined by the following expressions:



x(t) = x0+s(t)(xf −x0)
y(t) = 0
φ(t) = φ0+s(t)(φ f −φ0)
(70)
with
s(t) =
10
t3f
t3−
15
t4f
t4+
6
t5f
t5 (71)
The parameters used for the simulations are the followings:
• lOE = 0 m, lOAi = 0.35 m, lBiCi = 0.05 m, lCiP = 0.1 m, lEF = 0.15 m andlFP =
0.1581 m,
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Fig. 12 Shaking force and shaking moment before (solid line) and after (dashed line) the addition
of the counterweights, and after the addition of the counter-rotations (gray line).
• r1 = 2, r2 = r5 = r6 = 0.5,
• m1 = 0.75 kg,m2 = 0.37 kg,m5 = 0.42 kg,m6 = 0.47 kg;mp = 1 kg,
• IS1 = 0.00344 kg.m
2, IS2 = 0.00025 kg.m
2, IS5 = 0.00122 kg.m
2,
IS6 = 0.00146 kg.m
2, Ip = 0.00436 kg.m2.
For such parameters and such a trajectory, the shaking forceand shaking mo-
ment are computed using ADAMS software and are presented in Fig. 12 (solid line).
Then, we add the counterweights and the idler loopEFP to the mechanism. The po-
sition coefficients of the counterweights are all equal torcwj =−0.5 ( j = 1,2,5,6).
Therefore, the added masses are equal tomcw1 = 0.75 kg,mcw2 = 0.37 kg,mcw5 =
6.92 kg, mcw6 = 21.66 kg. The new values of the shaking force and moment are
presented in Fig. 12 (dashed line). It is possible to see thatwith the added coun-
terweights the shaking efforts are cancelled, while the maxi l value of shaking
moment is increased by a factor 17. Finally, we add the counter-ro ations. Their val-
ues are equal toIcr1 = 0.01917 kg.m
2, Icr2 = 0.02665 kg.m
2, Icr3 = 0.18169 kg.m
2,
Icr4 = 0.72781 kg.m
2. With such counter-rotations, the shaking moment is balanced
(in gray line in Fig. 12(c)).
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3.2 Complete shaking force and shaking moment balancing using
Scott-Russell mechanism
In this sub-section, another approach for complete shakingforce and shaking mo-
ment balancing is developed, which consists of adding Scott-Russell mechanisms
(mechanisms made ofRRRAssur groups) to each leg of the initial architecture of a
manipulator. This approach enables a reduction in the number of counter-rotations.
3.2.1 Properties of the Scott-Russell mechanism
Let us observe a simple slider-crank mechanism (Fig. 13). The centre of mass of link
i (i = 1,2,3) is denoted asSi . Link i has a massmi and an axial moment of inertia
ISi . The positions of the centres of mass are
−→
AS1 = r1
−→
AB,
−→
BS2 = r2
−→
BC,
−−→
CS3 = l3r3x,
r1, r2 andr3 being dimensionless coefficients, andl3 being a constant length.
It is known that the compete shaking force and shaking momentbalancing of
a general slider-crank mechanism can be obtained by adding two counterweights
mounted on the links and two pairs of counter-rotations. However, it is possible
to balance this mechanism without counter-rotation if it has specific geometrical
parameters, as in Scott-Russell mechanisms (a= 0 m, lAB = lBC – Fig. 13).
Let us consider the balancing of this mechanism. The expression of the shaking
forcefsh of a slider-crank mechanism can be written as:
fsh=
3
∑
i=1
mi r̈Si = (m1r1+m2) r̈B+(m2r2+m3)a (72)
with
a= lBC
(
θ̈2
[
−sinθ2
cosθ2
]
− θ̇ 22
[
cosθ2
sinθ2
])
(73)
r̈B being the acceleration of pointB.
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The constant terms of (72) can be cancelled by the addition oftw counter-
weights located atM j , ( j = 1,2) (Fig. 13), whose masses are denoted asmcwj .
Their positions are equal to:
−−→
AM1 = rcw1
−→
AB,
−−→
BM2 = rcw1
−→
BC, rcw1 andrcw2 being di-
mensionless coefficients. With the addition of the counterweights, the shaking force
becomes:
fsh
∗
= fsh+(mcw1rcw1 +mcw2) r̈B+mcw2rcw2a (74)
Thus, the shaking force is balanced if:
mcw2 =−
m2r2+m3
rcw2
andmcw1 =−
m1r1+m2+mcw2 +m3
rcw1
(75)
The expression of the angular momentumHA (expressed at pointA) is:
HA =
3
∑
j=1
(
mj
(
xSj ẏSj −ySj ẋSj
))
+
2
∑
j=1
(
mcwj
(
xM j ẏM j −yM j ẋM j
)
+ ISj θ̇ j
)
(76)
wherexQ, yQ, ẋQ andẏQ are the position and velocities of any pointQ alongx and
y axes, respectively (Q being either pointSj or M j , ( j = 1,2,3)).
Developing and introducing (75) into (76),
HA =
(
IS1 +
(
m1r
2
1+mcw1r
2
cw1 +m2+mcw2 +m3
)
l2AB
)
θ̇1
+
(
IS2 +
(
m2r
2
2+mcw1r
2
cw1 +m3
)
l2BC
)
θ̇2
(77)
with
θ̇2 =−
ẏB (xC−xB)+(a−yB)(ẋC− ẋB)
l2BC
(78)
wherexB, yB, xC are the coordinates alongx andy axes of pointsB andC, respec-
tively, andẋB, ẏB, ẋC their velocities.
In order to cancel the shaking momentMshA , the angular momentum has to be
constant or null. Developing (77),MshA can be cancelled ifa= 0 andlAB = lBC (in
such a case,̇θ1 =−θ̇2) and if:
IS1 +
(
m1r
2
1+mcw1r
2
cw1 +m2+mcw2 +m3
)
l2AB
− IS2 −
(
m2r
2
2+mcw1r
2
cw1 +m3
)
l2BC = 0
(79)
3.2.2 Balancing of a manipulator’s leg using a Scott-Russell mechanism
Now let us consider a manipulator’s leg with an added Scott-Russell mechanism (i.e.
an additionalRRRAssur group – Fig. 14). Let us denote asS4 the centre of mass of
link 4, which has a massm4 and an axial moment of inertiaIS4. The position ofS4
is such that:
−→
AS4 = l3r4u, r4 being a dimensionless coefficient andu a unit vector
along
−−→
CS3.
Now the shaking force becomes:
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Fig. 14 A manipulator leg with added Scott-Russell mechanism.
fsh=(m1r1+mcw1rcw1 +m2+mcw2 +m3) r̈B+(m3r3+m4r4)a1
+(m2r2+mcw2rcw2 +m3)a2
(80)
with
a1 = l3
(
θ̈03
[
−sinθ03
cosθ03
]
− θ̇ 203
[
cosθ03
sinθ03
])
a2 = lAB
(
(
θ̈03− θ̈41
)
[
−sin(θ03−θ41)
cos(θ03−θ41)
]
−
(
θ̇03− θ̇41
)2
[
cos(θ03−θ41)
sin(θ03−θ41)
]) (81)
At this step, only one supplementary counterweight is necessary for the can-
cellation of the shaking force, but it could be demonstratedafter more derivations
that another is necessary for the cancellation of the shaking moment. Therefore, we
propose adding this additionnal counterweight directly. The two counterweights are
located at pointsM3 andM4, defined such that:
−−→
CM3 = rcw3l3u,
−−→
AM4 = rcw4l3u, rcw3
and rcw4 being dimensionless coefficients. Their masses are respectively denoted
mcw3 andmcw4. With the addition of the counterweights, the shaking forcebecomes:
fsh
∗
= fsh+mcw3 r̈B+mcw3a1+
(
mcw3rcw3 +mcw4rcw4
)
a2 (82)
Thus, the shaking force is cancelled if:
mcw4 =−
m4r4
rcw4
mcw3 =−
m3r3
rcw3
mcw2 =−
m2r2+m3+mcw3
rcw2
mcw1 =−
m1r1+m2+mcw2 +m3+mcw3
rcw1
(83)
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Fig. 15 Schematics of a shaking force and shaking moment balanced 3-RPR mechanism.
Developing and simplifying, the expression of the angular momentum is equal
to:
HA = Ieq1θ̇03+ Ieq2θ̇41 (84)
with
Ieq1 =
4
∑
i=1
ISi +
(
m1r
2
1+mcw1r
2
cw1 +m2 (1− r2)
2+mcw2 (1− rcw2)
2
)
l2AB
+
(
m3r
2
3+mcw3r
2
cw3 +m4r
2
4+mcw4r
2
cw4
)
l23
(85)
Ieq2 =IS1 +
(
m1r
2
1+mcw1r
2
cw1 +m2+mcw2 +m3
)
l2AB
− IS2 −
(
m2r
2
2+mcw2r
2
cw2 +m3
)
l2BC
(86)
From (79),Ieq2 = 0. Therefore, the shaking moment of the leg can be cancelled
using a simple counter-rotationIcr with an axial moment of inertia equal toIeq1.
3.2.3 Shaking moment and shaking force balancing of the 3-RPR manipulator
Now, let us apply such an approach to the 3-RPRmechanism. First of all, let us
substitute the platform mass by three points masses locatedatC1,C2 andC3, with the
values of mass equal tomp1, mp2 andmp3 respectively [38,73,75]. Such a condition
can be obtained if:
mpi = mp/3 andIp = 3mpi l
2
CiP (87)
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Such a decomposition of the platform enables us to consider the shaking force
and shaking moment balancing of each leg of the mechanism. Then, modifying each
leg in order to obtain a mechanism similar to a Scott-Russel linkage, the shaking
force and shaking moment are cancelled if:
mcw4 =−
m4r4
rcw4
mcw3 =−
m3r3+mpi
rcw3
mcw2 =−
m2r2+m3+mcw3 +mpi
rcw2
mcw1 =−
m1r1+m2+mcw2 +m3+mcw3 +mpi
rcw1
0= IS1 +
(
m1r
2
1+mcw1r
2
cw1 +m2+mcw2 +m3
)
l2AiBi
− IS2 −
(
m2r
2
2+mcw2r
2
cw2 +m3
)
l2BiCi , and
Icr =
4
∑
i=1
ISi +
(
m1r
2
1+mcw1r
2
cw1 +m2 (1− r2)
2+mcw2 (1− rcw2)
2
)
l2AiBi
+
(
m3r
2
3+mcw3r
2
cw3 +m4r
2
4+mcw4r
2
cw4 +mpi
)
l23
(88)
taking into account thatIcr is the axial moment of inertia of the counter-rotations
(Fig. 15).
Thus, with this approach it is possible to create a fully-balanced shaking force
and shaking moment 3-RPRmechanism with only three counter-rotations (Fig. 15),
i.e., this method enables a reduction in the number of counter-ro ations by a factor
of two.
3.2.4 Illustrative examples and numerical simulations
The parameters used for the simulations are the followings:
• lOAi = 0.35 m,lAiBi = lBiCi = 0.25 m,lCiP = 0.1 m andl3 = 0.025 m,
• r1 = r2 = 0.5, r3 = 0 andr4 = 4,
• m1 = 1.09 kg,m2 = 1.1 kg,m3 = 0.37 kg,m4 = 0.75 kg;mp = 1 kg,
• IS1 = 0.00738 kg.m
2, IS2 = 0.58389 kg.m
2, I3 = 0.00344 kg.m2,
IS4 = 0.00025 kg.m
2, andIp = 0.01 kg.m2.
For these new parameters and for the trajectory used in Section 3.1, taking into
account that the position coefficients of the counterweights are equal torcwj =−0.5
( j = 1,3,4), rcw2 =−1, the new values of the counterweights are:mcw1 = 3.17 kg,
mcw2 = 11.71 kg, mcw3 = 0.33 kg, mcw4 = 0.75 kg. The shaking force and shak-
ing moment are then computed (dashed line in Fig. 16). Finally, we add the
counter-rotations. Their values are equal toIcr = 1.56907 kg.m2. With such counter-
rotations, the shaking moment is balanced (gray line in Fig.16(c)).
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Fig. 16 Shaking force and shaking moment before (solid line) and after (dashed line) the addition
of the counterweights, and after the addition of the counter-rotations (gray line).
Finally, it should be noted that the combination of the proposed two techniques of
balancing enables the creation of fully balanced parallel manipulators with modified
legs. As examples, different structures of balanced manipulators are presented in
Fig. 17 (3-RPR, 3-PRRand 3-PRP) in which one leg with a prismatic pair is replaced
by a leg with only revolute joints. Such a modification allowsthe displacement of
the centre of mass of the manipulator toC3 and then to balance the manipulator via
the modified legC3B3A3.
In the same way, it is possible to balance a parallel manipulator with prismatic
pairs by adding fewer Scott-Russell mechanisms. The balancing s hemes for several
parallel manipulators are presented in Fig. 18.
Thus, it has been presented new balancing schemes for the shaking force and
shaking moment of planar parallel manipulators whose legs are made of prismatic
pairs.
Usually, the balancing of parallel manipulators with prismatic pairs is only at-
tained via a considerably complicated design. This sectionsh wed that it is possible
to balance planar parallel mechanisms using Scott-Russellmechanisms. Such an
approach enables a division of the number of counter-rotations by two. Numerical
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Fig. 17 Complete shaking force and shaking moment balancing of planar manipul tors with pris-
matic pairs via structural modification of one leg.
simulations carried out using ADAMS software validated theobtained results and
illustrated that the suggested balancing enables the creation of a parallel manipulator
transmitting no inertia load to its base.
4 Conclusions
For all balancing method, the main challenge is the trade-off between the complex-
ity of the balanced mechanism and the quality of balancing. Ithe present Chapter,
we have proposed a solution which allows the reduction of thebalancing complex-
ity by comparison with the usual approaches. The idea was to slightly modify the
mechanism design by adding to it Assur groups, i.e. groups which dos not add any
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Fig. 18 Complete shaking force and shaking moment balancing of planar manipul tors with pris-
matic with reduced number of Scott-Russell mechanisms.
supplementary degree of freedom into the mechanism. The useof such a solution
was detailed for the shaking force and shaking moment balancing of:
• the in-line four-bar linkage
• the planar parallel robots with prismatic pairs.
For both types of mechanisms, the proposed solution allowedth reduction (or
even the cancellation in the case of the four-bar linkage) ofthe number of counter-
rotations used for obtaining the shaking moment balancing,which decreases the
design complexity and the inherent problems due to the use ofcounter-rotations
(backlash, noise, vibrations, etc.).
All theoretical developments were validated via simulations carried out using
ADAMS software. The simulations showed that the obtained mechanisms transmit-
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ted no inertia loads to their surroundings, i.e. the sum of all ground bearing forces
and their moments were eliminated.
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